then the zero function is the only solution f : IR → IR of (1) satisfying (2) and right-hand-side or left-hand-side continuous at each point of the interval (−q/(1 − q), −q/(1 − q) + δ) or of the interval (q/(1 − q) − δ, q/(1 − q)) with some δ > 0.
where q is a fixed number from the open interval (0, 1), and to its solutions f : IR → IR such that
In what follows any solution f : IR → IR of (1) satisfying (2) will be called a solution of Schilling's problem.
Except the cases q ∈ {2 n then the functions f 1 (x) = max{0, 1 − |x|} and f n = f 1 (x) * f 1 (2 − 1 n x) * · · · * f 1 (2 − n−1 n x), respectively, are continuous solutions of this problem.) A partial explanation of this contains the following theorem of K.Baron and P.Volkmann [3] : The linear space of the Lebesgue integrable solutions of Schilling's problem is at most one-dimensional. The same cencerns Riemann integrable solutions of Schilling's problem (see [4; Corollary 3] by W.Förg-Rob). The reader interested in further results up-to-now obtained is referred to the wide paper [4] by W.Förg-Rob, [1] by K.Baron, [2] by K.Baron, A.Simon and P.Volkmann and to [5] and [6] .
It follows from [2; Théorème 4] by K.Baron, A.Simon and P.Volkmann that for q ∈ (0, 1/2) there are no nonzero continuous solutions of Schilling's problem. The same concerns the case q = ( √ 5 − 1)/2 and the solutions which are integrable and continuous at zero (see [2 ; Théorème 5]).
In the present paper we are interested in solutions which are right-hand-side or left-hand-side continuous at each point of one of the intervals: where Q = q 1 − q and δ is a positive real number, in the case where q is one of the numbers:
We start with the following lemma which follows from [4; Lemmas 1(ii) and 2(ii)]. Lemma. If a solutions of Schilling's problem vanishes either on an interval (Q − δ, Q] or on an interval [−Q, −Q + δ) for some δ > 0, then it vanishes everywhere.
Our main result reads as follows.
Theorem. If q is one of the numbers (3), then any solution of Schilling's problem vanishes on the set Z Z + qZ Z.
Proof. Let
Denote by A 0 the set of all the numbers of the form
where ε ∈ {−1, 1} and m, n are non-negative integers, and put
Using induction we shall show that
and for every non-negative integer n.
To get (6) for n = 0 let us observe (cf. also [5; Remark 2(ii)]) that q < 1/2 gives
Further, if at least one of the non-negative integer m, n is positive then m + 2nq ≥ 2q > Q which jointly with (2) gives f (ε(m + 2nq)) = 0 for ε ∈ {−1, 1}. Moreover, if m and n are positive integers then m + n − 2nq ≥ 1 + (1 − 2q) > 1 > Q whence f (ε(m + n − 2nq)) = 0 for ε ∈ {−1, 1}. This proves that f vanishes on A 0 .
Fix now a positive integer n and assume that f vanishes on A 0 , · · · A n−1 . Let x 0 ∈ A n . Then x 0 = ε(m − 2nq) for some ε ∈ {−1, 1} and m ∈ {1, · · · , n}. Hence and from (4) we get
Putting now x = x 0 /q into (1) we have
Moreover, each of the points
belongs to one of the sets A 0 , A m . Hence, if n ≥ 2 and m < n, then using (8) and the induction hypothesis we obtain f (x 0 ) = 0. In particular,
If n ≥ 2 and m = n, then (8), (2) and (9) give
Finally assume that n = m = 1. Then, according to (8) and (2),
i.e.,
Consequently, since the above equality holds for every ε ∈ {−1, 1},
and so f (x 0 ) = 0. This ends the induction proof of (6) and jointly with (5) shows that f vanishes on Z Z + 2qZ Z. (10)
To prove that f vanishes on Z Z + qZ Z let us observe that taking into account (4) we have
which together with (1) and (10) ends the proof in the case where q is the first of the numbers (3). Now we pass to the case
Observe that 1 − 3q + q 2 = 0 and
Denote now by A 1 the set of all the numbers of the form
We shall show that (6) holds for every positive integer n.
To obtain (6) for n = 1 let us notice that 1/4 = q < 1/2 which jointly with the second part of (11) (cf. [5; Remarks 1 and 2]) gives
Moreover, if at least one of the non-negative integer m, n is positive then m+n+1−(n+1)q ≥ 1 > Q. Thus, according to (2) , f (ε(m + n + 1 − (n + 1)q)) = 0 for ε ∈ {−1, 1}. Now observe that putting x = ε ∈ {−1, 1} into (1) and applying (2) and (13) we get f (εq) = 0. Further, if m ≥ 1 or n ≥ 2, then m + nq ≥ 2q > Q which jointly with (2) shows that f (ε(m + nq)) = 0 for ε ∈ {−1, 1}. This proves that f vanishes on A 1 .
Fix now an integer n ≥ 2 and assume that f vanishes on A 1 , · · · A n−1 . Let x 0 ∈ A n . Then x 0 = ε(m − nq) for some ε ∈ {−1, 1} and m ∈ {1, · · · , n − 1}. Hence and from (11) we get
Putting now x = x 0 /q into (1), using the induction hypothesis and the inclusion ε(Z Z − mq) ⊂ A m ∪ A 1 we have
This ends the induction proof of (6) and jointly with (12) shows that f vanishes on Z Z + qZ Z. Let us pass to the case q = √ 2 − 1 and notice that now
Moreover, since q < 1/2, (7) holds. Consider the sets A n introduced in the previous case. Now putting in (1) x = ε ∈ {−1, 1} and using (2) and (7) we obtain f (εq) = 0, (15) whereas putting in (1) x = ε(1 + q) and using (2), (15) and (14) we have f (ε(1 − q)) = 0. Moreover, if m ≥ 1 or n ≥ 2, then m + nq ≥ 2q > Q which jointly with (2) gives f (ε(m + nq)) = 0 for ε ∈ {−1, 1}. Besides, if m ≥ 1 or n ≥ 1, then m + n + 1 − (n + 1)q ≥ 2 − 2q > 1 > Q, and applying (2) we obtain f (ε(m + n + 1 − (n + 1)q)) = 0 for ε ∈ {−1, 1}. Thus f vanishes on A 1 . Now using induction and (14) (as we do it in the case above) we get that f vanishes on the set (12).
Finally we assume that
Observe that now 1 − q − q 2 = 0 and
Denote by A 1 the set of all the numbers of the form
Evidently (12) holds. Now we shall show that (6) This jointly with (2) gives that f vanishes on the set
Putting in (1) in turn x = 0, x = ε, x = ε/q with ε ∈ {−1, 1} and making use of (2), (17) and (16) we have (4q
Taking into account (19) and (20) we get f (ε) = f (−ε) and using (18), (19) and (20) again we obtain (after some calculations)
Putting in (1): x = 2ε and x = ε(2/q − 1) with ε ∈ {−1, 1} and using (21), (2) and (16) we have
Finally putting x = εq into (1) and making use of (16), (17) and (21) we see that
which jointly with (21) and (22) gives that f vanishes on the whole of the set A 1 .
Fix now an n ≥ 2 and assume that f vanishes on A 1 , · · · , A n−1 . Let x 0 ∈ A n . Then x 0 = ε(m − nq) for some ε ∈ {−1, 1} and m ∈ {1, · · · , n}. Hence and from (16) we get
Putting now x = x 0 /q into (1) we obtain 
